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IN MEMORY OF PROFESSOR LO-KENG HUA 
In the fifties, for the purpose *of studying the condition of positive 
solvability, Lo-Keng Hua (LKH) gave a result in the appendix of 
Chapter 10 of his famous book “Additive Theory of Prime Numbers” 
[S, p. 1491 as follows. 
Let 6 > 0, a > 0. We have the inequality 
(6-x,- ... - x,,)’ + x(x: + . + xi) 3 k,, 6’, 
with equality if and only if 
xl = . . = x, = h, 6, 
(1) 
(2) 
where 
k, = cx(n + LX) - ‘, h,=(n+a)-‘. (3) 
Inequality (1) is a very interesting and useful (as indicated in Hua [S]) 
inequality. It appears that this inequality has not been cited as a problem 
or example elsewhere in an English text. However, Ozeki and Aoyagi cited 
it as an example on page 157 of their “Inequalities” [9] in Japanese with 
a proof. Indeed, there are at least four proofs availabe for inequality (1). 
Moreover, inequality (1) can be naturally generalized and its continuous 
counterpart can also be given. This is a major purpose of this paper. We 
now summarize our findings in two theorems as follows. 
THEOREM 1. Let positive reals 6 and c1 he given. Then for p > 1, the 
inequality 
F,,(x) 3 k: ’ P, 
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where 
F,(x)=(d-x- “’ -x,y+crp-‘(xll)+ . . . +A?), 
holds for all nonnegative x, , . . . . s,, with x,+ ... +x,66. The sign of 
inequality in (4) is reversed for 0 < p < 1. In either case, the sign of equality 
holds if and only if (2) holds. 
THEOREM 2. Let positive reals 6 and c( he given. Then for p > 1, the 
inequality 
G(f) 3 k”T ’ P, (5) 
where 
G(f)= “-j,, fd ( ” t)p+o”-‘~C;fpdt, (6) 
holds for any positive integrable function f on 0 < t < T< m with jl f dt < 6. 
The sign of inequality in (5) is reversed for 0 < p < 1. In either case, the sign 
of equality holds if and only !f 
f(t)=h.b. (7) 
Remark. It should be noted that G given in (6) is a nonlinear positive 
functional defined by integrals over the set of positive integrable functions 
on an interval of the real line. Similar theorems can be readily established 
for functionals of multiple integrals (e.g., see Wang [ 121). For p = 1, 
F,,(x) = G(f) = 6. 
We now present two proofs for either theorem. 
To prove Theorem 1, we set up a scheme of dynamic programming 
(DP), i.e., we consider the problem 
cp = opt F,(x) (8) 
subject to a transition constraint (e.g., see Wang [ 13, p. 2881) 
6-x,- . . . -&=A, 
A > 0, x, 3 0, 1 < j < n. 
(9) 
There are two cases for the problem (8))(9) to be considered: 
opt=minforp> 1; opt=maxforO<p<l. 
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First, consider the problem 
subject to (9). 
(Pi = min F,*(x) (10) 
In this case, the Holder inequality for p > 1 with p - (p - 1) = 1 is used 
(e.g., see Beckenbach and Bellman [ 1, p. 191): 
P,(x)=;l”+cc”-‘(d-/l)” 
>(1 +a-‘)-(p-‘) [i+(6-~J]p=kl;-W. (11) 
The sign of equality holds in (11) if and only if 
3” 6 - 2 -=- 
1 CC’ 
with x,=&i. 
From (11) and (12) it follows that the minimum 
(13) 
is attained at x1 =A, 6 with A=k, 6. 
F-z(x) = lip+ cPyi7 -x2 - A)P+ CT’x; 
3 k’; ‘(6 -.x2)” + CT ‘x’; 
=k~~1[(6-x,)P+(1+u)P~‘(&(&~2))~] 
The first sign of equality holds in (14) if and only if 
A 6-x-i -= 
1 a’ 
with x, = 6 -.x2 - A. 
The second sign of equality holds in (14) if and only if 
d-x, x2 
-= 
1 (1 +cc)-” 
(14) 
(15) 
(16) 
From (14t( 16) it follows that the minimum 
cp2=k;-’ 8’ 
is attained at x, =x2 = h, 6 with 1. = k, 6. 
(17) 
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In general we can readily derive qm+, from qrn for any m > 1 by exactly 
the same procedure as above ((13) and (17)). So, we obtain inductively 
that the minimum 
is attained at 
,y, = . . =x,=h,h with A = k, 6. 
For the case 0 < p < 1, the above result can be duplicated by using the 
Holder inequality with p + (1 - p) = 1 and opt = max. 
The conclusion of the proof is now clear. 
Remark. The dynamic pattern (11) is produced by the Holder 
inequality and is twice used in (14). In turn, the problem (lo)-(9) is solved 
by the pattern (14). It should be pointed out that the dynamic patterns 
(11) and (14) are somewhat different from the one introduced in Wang 
[14, p. 1561. However, they indeed reveal the intrinsic nature: flexibility, 
adaptability, and versatility of the DP approach (e.g., see Bellman [2], 
Bellman and Lee [3]). 
To prove Theorem 1 alternatively, we rewrite the first term of F, and 
apply the Holder-Lorentz inequality (e.g., cf. Wang [ 11, p. 961) for p > 1 
with q=p/(p-1) as 
Fn(x)= k,;“Yk;‘Y& i ~--~!Ytl14xj p+E~Pl i x,” 
,=I 1 ,=I 
[ k,‘- i @-’ 
P/q > 
i= 1 1 L k;-‘bP- i a~P’X; +cr~-’ i x; /=I 1 j= 1
=kPFl 6P 
n (19) 
The sign of equality holds in (19) if an only if 
From (19) and (20) it follows that the minimum (18) is attained at 
x1= . . . = x,, = h, 6. 
For 0 < p < 1, the above result can be duplicated only with the sign of 
inequality in (19) reversed. Theorem 1 is thus proved. 
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To prove Theorem 2, we first treat G as a nonlinear positive functional 
of integrable functions. Simple manipulations reveal that 
up-’ jTfpp2dt+ T2 
0 
(6-joTf df)Pp2], 
where aG and a2G are the first and second Gateaux differentials, respec- 
tively (cf. Wang [12] for definitions, theorems, etc.). 
With f to be a constant function in mind, aG = 0 if and only if f’= h, 6. 
Since a2G > 0 for p > 1 and a2G < 0 for 0 < p < 1, G(f ), has a unique 
minimum value for p > 1 and a unique maximum value for 0 < p < 1 at 
f = h, 6. (Note: G(h, 6) = kc-’ P.) The theorem is thus proved. 
To prove Theorem 2 alternatively, we note a simple inequality (for p > 1 
with l/p+(p-l)/p=l) 
(21) 
with equality if and only if adP ~ ’ = bP ‘c. 
By a use of inequality (21) we rewrite the first term of G as 
(P-1)/P+-1)/P& c(-(P-I)lPc((P I,,Pf dt]’ 
+clp-’ oTfpdt 
I 
+Crp-’ s ‘f”dt 0 
= kP, ’ 6”. (22) 
The sign of equality holds in (22) if and only if 
@P-l 6P KP-1 6P 
-= 7 
cl -1 k,’ 
or f=hT6. 
As above, a duplicative argument is apparently in order for 0 < p -=c 1. The 
conclusion of the proof is now clear. 
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Remark. As has been known, all the basic inequalities are equivalent in 
the sense of studying positivity (e.g., see Wang [lo]). So as to broaden the 
scope of applications of an inequality its suitable rearrangement is desirable 
(e.g., see Hua [S] and Iwamoto, Tomkins, and Wang [S]). In conclusion, 
we pose a question: Can a modified continuous DP approach (e.g., cf. 
Iwamoto and Wang [6, 71) analogous to the discrete one adopted to 
establish Theorem 1 above be found so as to establish Theorem 2? Note 
also that Theorem 1 follows immediately from Theorem 2 by letting J’(x) = 
c:l= I X,X(, I,/]? T=n (see Halmos [4, p. 841). 
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